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Chemoreception; Boundary condition approach

We determine the ligand current into a single spherical cell which carries a large number of receptors on its surface. Initially, this cell
is placed into a medium which contains ligands at uniform concentration. The time-dependent ligand distribution is calculated, from
which the time-dependent ligand current into the cell is derived. If the ligand concentration is kept constant at distances comparable
to the radius of the cell the stationary state sets in at times comparable to the time 7, necessary for ligands to travel a distance of the
order of the radius of the cell. If the ligand concentration is kept constant at infinity the stationary state sets in at a time which is

about 10007, for typical values of the parameters.

1. Introduction

The problem of chemoreception of ligands by
living cells has received considerable theoretical
attention in recent years [1-3]. It is closely related
to a calculation of the rate constant in chemical
reactions [4,5]. In this paper we consider the prob-
lem in which a cell with a large number of recep-
tors on its surface is placed at ¢ =0 in a medium
which contains ligands at uniform concentration.
We shall solve this time-dependent problem using
the boundary condition approach of DeLisi and
Wiegel [7] (cf. also ref. 1).

The cell is modeled as a sphere of radius R, on
which N > 1 ideal receptors for ligands are dis-
tributed. These receptors are assumed to be char-
acterized by a single linear dimension s. In the
exterior medium the ligands follow diffusive paths,
and their translational motion is characterized by
a diffusion coefficient D. In general, not every
encounter of a ligand with the cell will lead to
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binding of the ligand. This can be modeled [1,7]
by taking the ligand concentration on the cell
surface to be proportional to the gradient of this
concentration on the cell surface. The proportion-
ality constant « is a function of R, N and s.

Many actions of living cells are regulated by
the flow of certain ligands into the cell. This
information current depends on the concentration
gradient at the cell’s surface which approaches a
stationary value which depends on the parameters.
It is shown that, at typical parameter values, the
stationary state sets in on a time scale 7, which is
comparable to the time T, necessary for a ligand
to travel the distance of a cell, provided the ligand
concentration is kept constant at a distance com-
parable to the radius of the cell. If the ligand
concentration is kept constant at large distances
from the cell the relaxation time 7, is about
1000-times as large as T;.

In section 2 we formulate the problem in terms
of the diffusion equation. Section 3 is devoted to
the case where the ligand concentration is kept
fixed at some finite distance /. The case in which /
goes to infinity is treated in section 4, and some
concluding remarks are collected in section 5.
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2. Formulation of the problem

Consider a spherical cell of radius R, placed in
a medium in which at 7 = 0 ligands are distributed
uniformly. The cell carries N receptors in its outer
membrane which are specific for the ligands; the
size of the receptor can be characterized by a
single length s [1]. The ligands in the medium
follow diffusive paths and their translational mo-
tion can be characterized by a diffusion coefficient
D. ’

The time evolution of the number density of
ligands outside the cell ¢ is governed by the diffu-
sion equation which, in view of the spherical sym-
metry of the problem, can be written as

Lac(rut) =d,e(r) + 20e(r.1) (1)

where r measures the distance from the center of
the cell and ¢ is the time. Initially the ligand
distribution is homogeneous, so everywhere in the
medium outside the cell

c(r0)=c¢, (2)

where ¢, is some constant ligand concentration.
At some distance /> R from the center of the cell
the ligand concentration is assumed to be kept
constant and equal to the initial ligand density

() = cq (+20) ' (3)

The boundary condition on the cell surface can be
taken as [1,7]

c—adc=0forr=Rand >0 (4)
where [1]

7R?
a=— (4a)

i.e., the ligand density at the surface is propor-
tional to its gradient. This boundary condition
expresses the fact that not every encounter of a
ligand with the cell surface leads to the capture of
the ligand by the cell. If a=0 the entire cell
membrane acts as an ideal receptor; in the limit
a — oo the cell catches no ligands at all.

It is straightforward to find the stationary-state

solution to the problem posed by egs. 1-4

I(R +a) R R
01(R+a)—R2[ " R+ar (3)

c(r)=c

Guided by this we use the following represen-
tation for the time-dependent solution

I(R+a)
I(R+a)—R?
x1-=2a-s)]  ®

Upon substitution of eq. 6 into eq. 1 one finds
that f(r,t) must be a solution of

c(r,t)=c¢,

53 (rt) =8, 1(r 1) ™
The initial and boundary conditions for f(r,t) are
Hr0) =55 (R<r<i) (%)
f(L,t)=0(t=0) (8b)
f= Rafaa,f=0forr=Randt20 (8¢c)

Note that with the representation, eq. 6, the ligand
distribution ¢(r,?) is obtained from the solution of
the simpler one-dimensional problem posed by
eqgs. 7 and 8 for f(r,t) [5]-

In section 3 we shall give the solution to the
above problem and calculate the ligand current
J(t) into the cell from

J(1) =Dfsfvc dS=47R*D dcforr=R  (9)

where S is the surface of the cell. The physically
most realistic case in which / — oo will be treated
separately in section 4.

3. Ligand distribution and current for the general
case

The problem as posed by egs. 7 and 8 can be
solved analytically by separating variables. The
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eigenfunctions of eq. 7 are
®,(r.1) =[4, sin(A,(r - R))
+B, cos(A,(r — R))] e~ (10)

In view of the conditions, eqs. 8b and 8¢, one
obtains the following consistency relation for the
coefficients A,, B, and the eigenvalues A,

B,= 34, (1)
tan(A, (/- R)) = —% (12)
The parameter 8 is defined as

g R + a (13)

Since the problem is linear and homogeneous,
one thus obtains for the general solution

f(r,t)= Z 3 2[A, cos(A,(r —R))

+8 sin(A,(r — R))] e~ (14)

where the eigenvalues A, >0. They follow from
the transcendental equation (eq. 12) and cannot
be determined analytically. It is, however, possible
to express the coefficients A, in terms of the
eigenvalues A,, and hence f(r,t) can be de-
termined with arbitrary accuracy from a numerical
determination of the eigenvalues using eq. 12.

The coefficients A, follow from matching eq.
14 to the initial condition (eq. 8a)

00

3 [)\ cos(A,(r—R)) + B sin(A,(r— R))]

n=-1

=l—_l—forR<r<1 (15)

The following orthogonality relations hold

_agm(r)g,(r) dr

=0, m#n (16a)
28
(J\2 +B2)(I-R)+ B’

m=n - (16b)

where

8.(r) =2, cos(A,(r = R)) + B sin(A,(r - R))
17)

and the A, satisfy eq. 12. Hence

A, _ 2 L[B(I—R)H]
B (N+8%)(I-R)+B A, !

(18)

The solution for f(r,t) is obtained from inserting
eq. 18 into eq. 14. In fig. 1 the ligand distribution
e(r, t)isshown,at a=1x10"%m, R=5x10"6
m and /=25X10"¢ m. A typical value for D is
1071 m? 5™, s0 it takes T; =~ 0.25 s for ligands to
travel the distance of a cell. These parameter
values were taken from ref. 1. At these parameter
values the stationary state sets in at a time scale T,
comparable to the time necessary for ligands to
travel the distance of a cell (T, = 6T;). We will
return to this point shortly.

One can now determine the ligand current into
the cell from egs. 6 and 9: this gives

IR
J(t) =4mRDcy———
(*) I(R+a)—-R?
x|1+= Z P An N0 (19)
B¢
which implies for the stationary state
iR
J.(1)=4aRDcy————— 20
) ®I(R+a)—R? 20)

In the limit /- co this result combined with eq.
4a for the parameter « yields a stationary ligand
current identical with the result of ref. 3.

In fig. 2 J(¢)/J(1) is shown for some choices
of a and /, at R=15x 10" m. The quantity J,(!)
is the stationary ligand current for the case of a
perfectly absorbing sphere (a = 0) with fixed con-
centration at r =/, Note that as « is increased, i.e.,
the average number of encounters of a ligand with
the cell before reception increases, J(t) /J,(I) de-
creases drastically. Also, if / is increased at fixed a
and R values, J(t)/Jy(]) increases. From this
figure one also recognizes that as / increases it
takes longer and longer before the stationary state
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r—R (x106) m

Fig. 1. Ligand distribution at {=25x10"% m, R=5x10"¢
m, and a=1x10"% m. The index on the lines denotes the
cotresponding value for Dz in units of 10~12 m?,

sets in. In order to make this statement quantita-
tive, we have shown in fig. 3 a plot of log,((T,/7)
as a function of « for various values of /. Here, T,
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Fig. 2. Ligand current ratio J(t)/J,(/), at R =5%107% m and
@) (4, @) = (100X 107 m, 1 X10~¢ m), (2) (I, @) = (25 X105
m, 1X107% m), (3) (/, &) =(25%10"% m, $x 1076 m).
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Fig. 3. The logarithm of the ratio of the stationary-state time T,

and the time necessary for ligands to travel a distance of the

order of the radius of the cell, T}, as a function of & at various

1 values; (1) 1=250x10"% m, (2) /=100x10"% m, (3) I=25
X107 %m and (4) I =10X 106 m.

is the time necessary for the stationary state to set
in; as a measure for this we used

J(T)-J (1)
o @)

where x =0 (107?). As [ is of the order of the
radius of the cell T, is of the order of T. If [/R is
increased to one or two orders of magnitude T, is
of the order of 100-1000-times 7; at typical
parameter values. An interesting aspect is that as
1/R = 0O(1) the ratio T, /T, decreases slightly as «
decreases to zero.

4. Ligand distribution and ligand current for the
case /| » oo

The problem as posed by egs. 7 and 8 can be
treated fully analytically in the limit /— co. A
closed expression for f(r,t) can be found using
the heat kernel method [6]). One straightforwardly
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shows that, with y=r—R and T= Dt
f(»,T)
= [ k(-67)

+ (1 - 2ﬁe-ﬁf/o‘e€’ dE’)k(y + E,T)] d¢
‘ (22)

where k(z,,z,) is the heat kernel

1 z;
k(2y,2,) = ———— exp| — - 23
(zl 22) 2(1722)1/2 xp[ 422] ( )

Evaluation of the integral, eq. 22, gives
f(",t) = erf % + gBUr—R)+R*D1
2(Dt)

- R

Xerfc[m + (D) ’] (24)

where erf(y) is the error function and erfc( y) the
complementary error function (cf. egs 7.1.1 and
7.1.2 in ref. 8). The ligand distribution ¢(r,?) is
similar to that for finite / values and is not
repeated here.

Using eq. 9, one finds for the ligand J(¢)

R+a
|1+ %e’z‘”’ erfc(B(Dt)Vz)] (25)
with the stationary value

J = 4wRDco—R;-§_;-_-; (26)

The ratio J(¢)/J, depends on Dt in a manner
quite similar to that shown in fig. 2. The only
essential difference is that the time T, is much
larger than in the case where /= O(R). As /-
the time 7, is given implicitly by

—ﬁ—exp(ﬂzDTs) erfc( B(DT)?) —x=0 (27)

where x = 0(10"2). In the case B(DT)V*> 1
one can use the asymptotic behavior (cf. eq. 7.1.23

of ref. 8)

exp| 2DT}) erfc( B(DT)Y 2)

= («8(p1)"%) ™ (28)
and find
m, R

I - (R+a) @)

The correspondence between the asymptotic result
(eq. 29) and the exact numerically determined
result based on eq. 27 is almost perfect for all
realistic a values, since eq. 28 is already very
accurate if S(DT,)/2> 5. In addition, wx°T,/T;
depends very little on x for x <0.05. As a =0,
T,= O(10°)T,, viz.,, of the order of 4 min. 7,
decreases continuously as a is increased.

Using eq. 4a, the ratio of J(1) to the stationary
ligand current for a perfectly absorbing sphere J;
can be written in the form

J(t) _ 1 _]; BZD’ 1/2 .
7 1_'_M[1+"'e erfc(B(Dt) ) ;

aR
This implies for the 1 = 0 and ¢ = oo limits that
CJ() 1
Li = 31
b= =1 (31a)
1 () -1 (31b)

At typical parameter values taken from ref. 1,
N =10% s=5%10"° m one has u = 0.3. Hence,
the stationary-state ligand current is about 4-times
as low as its initial value. It is remarkable that the
boundary condition approach [1,7] gives correct
results in the ¢ — 0 limit, since it was derived from
asymptotic matching considerations.

‘5. Concluding remarks

We have obtained the time-dependent solution
of the ligand distribution and ligand current into a
spherical cell with N ideal receptors in its mem-
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brane. The time scale for a ligand to travel the
distance of a cell T is about 0.25 s. It was shown
that the stationary state sets in at a time scale 7,
of the order of T; if the ligand concentration is
kept constant at distances / which are comparable
to the radius of the sphere (i.e., / has the same
order of magnitude as R). If the ligand concentra-
tion is kept constant at much larger distances
T./T, is of the order 10°,
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